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1. Introduction
The continuous functions of negative type have been introduced by Schoenberg (cf.
[19]) in order to determine the invariant Hilbert metrics on a group. The importance of
such functions lies in their applications in the theory of limit theorems for independent
and identically distributed random variables (cf. [15]). In 1990, G. Olshanski elabo-
rated a spherical analysis theory related to the inductive limits of increasing sequences
of Gelfand pairs (cf. [14], [6], [8] and [17]). In this new framework, many results con-
cerning the continuous functions of negative type had been obtained (cf. [4], [5] and [18]).
In this paper, we consider the spherical pair (G∞, K∞), which is the inductive
limit of the increasing sequence of Gelfand pairs (Gn, Kn) where Gn = SL(n,C) and
Kn = SU(n) are respectively the special linear group and its unitary subgroup of order
n. The infinite dimensional special linear group G∞ = SL(∞) consists in unimodular
infinite invertible complex matrices (gij) with a finite number of coefficients gij 6= δij and
K∞ = SU(∞) is the group of unimodular infinite unitary matrices (uij) with complex
coefficients such that uij = δij for i + j large enough. The group G∞ is equipped with
the inductive limit topology and the subgroup K∞ is closed.
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A function ϕ : G∞ −→ C is said to be of positive type if the kernel defined on
G∞ × G∞ by (g1, g2) 7−→ ϕ(g−12 g1) is of positive type, i.e. for all g1, g2, . . . , gn ∈ G∞
and all c1, c2, . . . , cn ∈ C,
n∑
i=1
n∑
j=1
cicjϕ(g
−1
j gi) ≥ 0.
Every function ϕ of positive type on G∞ is Hermitian, i.e. for all g ∈ G∞, ϕ(g) =
ϕ(g−1). In addition, the function ϕ is bounded : |ϕ(g)| ≤ ϕ(e), where e is the origin of
G∞. Besides, a function ϕ defined on G∞ is said to be K∞-biinvariant if it holds that
ϕ(k1gk2) = ϕ(g), for all k1, k2 ∈ K∞ and all g ∈ G∞. A function ψ, defined on G∞,
with complex values is said to be of negative type if ψ(e) ≥ 0, ψ(g−1) = ψ(g) and, for all
g1, . . . , gN ∈ G∞ and all c1, . . . , cN ∈ C such that
∑N
i=1 ci = 0,
N∑
i,j=1
cicjψ(g
−1
j gi) ≤ 0.
A spherical function for the Olshanski spherical pair (G∞,K∞) is a K∞-biinvariant
continuous function ϕ on G∞ which is normalized at the origin of the group: ϕ(e) = 1,
and such that
lim
n→∞
∫
Kn
ϕ(xky)αn(dk) = ϕ(x)ϕ(y),
where αn denotes the normalized Haar measure on Kn (cf. [14] and [10]). In section 2,
using the explicit expression of the spherical functions of positive type relatively to the
spherical pair (G∞, K∞) given by N.I. Nessonov in [12], we prove that the spherical
dual of the pair (G∞, K∞) can be identified with a set X of parameters. This enables us
to obtain a parametrized version of the generalized Bochner theorem ( [16], Theorem 7),
which represents the key theorem used, in the last section, to prove the boundedness of
all continuous functions of negative type, relatively to the pair (G∞, K∞). The method
that we use follows an idea given by C. Berg, J.P. Christensen and P. Ressel in [2] and
the work of M. Bouali in [5] and [4].
2. Functions of class B : definition and convergence
In his paper [12], N.I. Nessonov gives a complete classification of the representations
of G∞ containing the trivial representation of the unitary group K∞. This class of
representations contains those of spherical representations. In fact, the trivial repre-
sentation of K∞ is contained in a unitary representation (π,H) of G∞ if and only if
the subspace HK∞ consisting of K∞-invariant vectors in H is not reduced to zero. On
the other hand, every spherical representation is associated via the G.N.S. construction
(Guelfand-Naimark-Segal) to a spherical function, i.e. an extreme element of the convex
set of continuous functions of positive type on G∞ which are biinvariant by the subgroup
K∞ and equal to 1 at the origin. Thus, this representation possesses a cyclic vector which
is in addition K∞-invariant. It follows that the result of N.I. Nessonov, that one finds
at the end of his paper (cf. [12], Theorem 4.5), allows us to give an explicit expression
of spherical functions of positive type relatively to the pair (G∞,K∞).
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Definition 2.1. A function of class B of parameter α = (α1, . . . , αp) ∈ Rp with p ∈ N
is defined on R by :
Π(α, λ) :=
p∏
j=1
(
cosh(λ)− iαj sinh(λ)
)−1
.
A function Π(α, λ) of class B is of positive type on R. In fact, for α ∈ R, the function
(cosh(λ)− iα sinh(λ))−1 is the Fourier transform of the probability measure µα on R
given by
µα = gα(t) dt gα(t) =
et arctanα
2
√
1 + α2 cosh
(
πt/2
) .
This can be proved by the residue theorem via a contour integral of the function
(cosh(πz)− iα sinh(πz))−1 e−2piitz ,
around the rectangle of vertices ±R, ±R+ i and letting R→ +∞. Then, the function of
positive type Π(α, λ) is the Fourier transform of the convolution measure µα1 ⋆ · · · ⋆µαp ,
where (α1, . . . , αp) ∈ Rp.
We consider, on the set of functions of class B, the topology of uniform convergence
on compact sets of R. The resulting topological space is metrizable and complete. This
topology can be expressed in terms of the set X of parameters α = (α1, . . . , αp) ∈ Rp
with p ∈ N. Let us introduce, for p ∈ N the sets
Xp = {(α1, . . . , αp) ∈ Rp | α1 ≤ α2 ≤ · · · ≤ αp} .
Since, the class B should contain the trivial function 1, one has to define the space of one
element X0 = {∅} with the discrete topology. In consequence, the space of parameters
X becomes the disjoint union of Xp with p = 0, 1, 2, . . . . For every p ∈ N0 , the set Xp is
both closed and open in X. Hence, it is locally compact with a countable basis.
The set of functions of class B is then parametrized by the set X and every function
Π(α, λ) have the following logarithmic derivative:
(1)
Π
′
(α, λ)
Π(α, λ)
= i
∞∑
m=0
p˜m(α) (i tanh(λ))
m ,
where pm is the Newton power sum function : for α = (α1, α2, . . . , αp) ∈ Rp and m ∈ N0,
pm(α) =
p∑
k=1
αmk .
(2) p˜m(α) = pm+1(α) + pm−1(α) (m ∈ N0),
with the convention that
p−1(α) = 0 .
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Proposition 2.1. The mapping α 7−→ Π(α, .) is a bijection of X∗ = X \ X0 to the set
of functions of class B.
Proof. For λ ∈ R, α ∈ Xp and β ∈ Xq, let us assume that
Π(α, λ) = Π(β, λ).
Since,
lim
λ→+∞
epλΠ(α, λ) = 2p
p∏
k=1
(1− iαk)−1,
it follows that
p = q.
Using the power series expansion (1), we conclude that α = β. 
A function of class B of parameter α is the Fourier transform of a probability measure
µα. Let MX be the set of these measures :
MX = {µα|Π(α, λ) = µ̂α(λ)} .
We consider on MX the weak topology of measures. We will prove that the topology
defined on X is equivalent to the weak topology of MX.
Proposition 2.2. The topology of X is equivalent to the topology of MX.
Proof. (i) Assume that α(n) converges to α in the topology of X. Then α ∈ Xp,
for some p and so, there exists n0 such that α
(n) ∈ Xp, for n ≥ n0. It follows that
Π(α(n), λ) converges uniformly on compact sets of R to Π(α, λ). Finally, by applying the
Le´vy-Cramer theorem, one can prove that µα(n) converges weakly to µα.
(ii) Assume that µα(n) converges weakly to µα. This implies that Π(α
(n), λ) converges
uniformly on compact sets in R to Π(α, λ). Let λ0 > 0. Since, the function Π(α
(n), λ)
is continuous, non-zero on R and satisfies Π(α(n), 0) = 1, there exists 0 < C < 1 and
n1 ∈ N such that, for every n ≥ n1,
ℜ(Π(α(n), λ0)) ≥ C,
and so,
|Π(α(n), λ0)| ≥ C.
In consequence,
pn∏
j=1
(
cosh2(λ0) + α
(n)
j
2
sinh2(λ0)
)−1 ≥ C2.
4
Hence, we get
sinh2(λ0)
pn∑
j=1
α
(n)
j
2 ≤
pn∏
j=1
(
1 + α
(n)
j
2
sinh2(λ0)
) ≤ 1
C2
,
or
pn∑
j=1
α
(n)
j
2 ≤ 1
C2 sinh2(λ0)
.
This implies that, for all n ≥ n1 and all 1 ≤ j ≤ pn,
(3) |α(n)j | ≤
1
C sinh(λ0)
.
Moreover,
pn∏
j=1
cosh2(λ0) ≤ 1
C2
.
As a result, for all n ≥ n1,
(4) pn ≤ − logC
log(cosh(λ0))
.
Since, by (4), the sequence pn is bounded, we can assume, upon passing to a sub-
sequence, that pn = p. Further, by (3), there exists a subsequence nk such that α
(nk)
converges to some β ∈ Xp. It follows from the first part of the proof that the correspond-
ing sequence of measures µ
α(nk)
converges weakly to µβ. Thus, we get µα = µβ and so
α = β. Since any accumulation point of the sequence α(n) in Xp is necessary equal to α,
it follows that the sequence α(n) itself converges to α in X. 
3. Parametrized Bochner Theorem on (G∞, K∞)
Let P be the convex set of K∞ biinvariant continuous functions of positive type on
G∞. The topology defined on the set of its extremal points ext(P) can be expressed in
terms of the set X. This enables us to prove a parametrized version of the generalized
Bochner theorem ( [16], Theorem 7).
Corollary 3.1. The mapping α 7−→ Π(α, .) is a homeomorphism between X∗ and B.
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Proof. By Proposition 2.1, the function α 7→ Π(α, .) is a bijection between X∗ and B.
Besides, by Proposition 2.2, the topology of uniform convergence on compact sets of R
defined on B is equivalent to the topology defined on the set of parameters X
∗
. In conse-
quence, the application α 7→ Π(α, .) defines a homeomorphism between X andB. 
The group G∞ can be seen as the group of unimodular infinite invertible matrices
g = [gij ]
∞
i,j=1 with a finite number of coefficients gij 6= δij . Every matrix g in G∞ can
be written under the form g = u diag(eλ1 , eλ2 , . . .) v, with u, v ∈ K∞, λ1, λ2, . . . ∈ R,∑
j λj = 0 and λj = 0 for j large enough. We say that a K∞-biinvariant function ϕ on
G∞ which is normalized by the condition ϕ(e) = 1, is multiplicative if
ϕ(diag(a1, a2, . . .)) = Φ(a1)Φ(a2) . . . ,
where Φ is a function defined on R such that Φ(0) = 1. In other words, for all g ∈ G∞,
ϕ(g) = Φ(a1)Φ(a2) . . . ,
where a1, a1, . . . ∈ R are the elements of the diagonal matrix in the decomposition of g.
Theorem 3.1. ( [8], Theorem 5.2, page 228) Let ϕ be a K∞-biinvariant continuous
function of positive type on G∞ such that ϕ(e) = 1. Then, ϕ is spherical (or extremal)
if and only if it is multiplicative.
By the preceding theorem, the set ext(P) consists of the multiplicative functions of
P. The following theorem gives these elements via the functions of class B.
Theorem 3.2. The extremal points of the set P are the functions ϕα defined for all
g = u diag(eλ1 , eλ2 , . . .)v ∈ G∞, with u, v ∈ K∞, λ1, λ2, . . . ∈ R,
∑
j λj = 0 and λj = 0,
for j large enough, by
ϕα(g) = ϕα
(
diag(eλ1 , eλ2 , . . . )
)
=
∞∏
j=1
Π(α, λj).
Proof. a) By the preceding theorem, a function in P defined, for all g ∈ G∞, by
ϕα(g) =
∏
j Π(α, λj) is extremal in P since it is multiplicative.
b) Let ϕ ∈ ext(P). It is a spherical function. By the result of Nessonov, the function ϕ
is a product of functions of class B. 
Remark 3.1. Remark that the trivial spherical function is isolated in ext(P). This
follows immediately from the fact that there is no sequence α(n) for which Π(α(n), .)
converges to 1. It is a well-known fact (cf. [9], Theorem 5.2) that, in the case of a
Gelfand pair (G,K), the isolation of the trivial spherical function in the spherical dual
implies the boundedness of every K-biinvariant continuous function of negative type on
G. This fact is not true for the inductive limit groups since, in general, they are not
locally compact .
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Proposition 3.1. The correspondence X ↔ ext(P) is an isomorphism between two
standard spaces.
Proof. Since the set X is locally compact, separable, metrizable and complete, it repre-
sents, in consequence, a standard space. In addition, the proof of the generalized Bochner
theorem ( [16], Theorem 7), shows that ext(P) is a Borel subset of a standard space.
Hence, it is standard by ( [7], Appendix B, B 20). Furthermore, the correspondence
ext(P)→ X, ϕα 7→ α is Borelian and one-to-one. In consequence, by ( [7], Appendix B,
B22), it is an isomorphism between two standard spaces. 
Hence, we can get a parametrized version of the generalized Bochner theorem ( [16],
Theorem 7):
Theorem 3.3. Let ϕ be a K∞-biinvariant continuous function of positive type on G∞.
Then, there exists a unique positive and bounded measure µ defined on X such that, for
every g ∈ G∞,
ϕ(g) =
∫
X
ϕα(g)µ(dα).
The following proposition follows from the uniqueness of the representing measure in
the generalized Bochner Theorem.
Proposition 3.2. Let µ1 and µ2 be two positive and bounded measures on X satisfying
(5)
∫
X
(1− ϕα(g))µ1(dα) =
∫
X
(1− ϕα(g))µ2(dα).
Then,
µ1 = µ2 on X
∗
.
Proof. Since the function ϕα is spherical, it satisfies, for all g, h ∈ G∞,
(6) lim
n→∞
∫
Kn
ϕα(gkh) dk = ϕα(g)ϕα(h),
where dk is the normalized Haar measure of the group Kn. Since, the measures dk and
µ1(dα) are bounded, the function
(α, k) 7→ |1− ϕα(gkh)|
is integrable with respect to the product measure µ1(dα) × dk. Hence, by the Fubini
theorem, we get that∫
Kn
∫
X
(1− ϕα(gkh))µ1(dα) dk =
∫
X
∫
Kn
(1− ϕα(gkh)) dk µ1(dα).
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Using the fact that |1−ϕα(gkh)| ≤ 2 and that the measure dk is a probability measure,
we conclude that the function
α 7→
∫
Kn
(1− ϕα(gkh)) dk
is dominated by 2. Since, the measure µ1(dα) is positive and bounded, the dominated
convergence theorem and the equation (6), imply that
lim
n→∞
∫
X
∫
Kn
(1− ϕα(gkh)) dk µ1(dα) =
∫
X
(1− ϕα(g)ϕα(h))µ1(dα),
and so,
lim
n→∞
∫
Kn
∫
X
(1− ϕα(gkh))µ1(dα) dk =
∫
X
(1− ϕα(g)ϕα(h))µ1(dα).
In consequence, by equation (5), we get that∫
X
(1− ϕα(g)ϕα(h))µ1(dα) =
∫
X
(1− ϕα(g)ϕα(h))µ2(dα).
By substituting, in the previous equation, g by g−1, and using the fact that ϕα is
Hermitian, we get∫
X
(1− ϕα(h)ℜϕα(g))µ1(dα) =
∫
X
(1− ϕα(h)ℜϕα(g))µ2(dα).
By substituting g by h in equation (5), and considering the difference with the previous
equation, we get, for all g, h ∈ G∞,∫
X
ϕα(h)(1 −ℜϕα(g))µ1(dα) =
∫
X
ϕα(h)(1 −ℜϕα(g))µ2(dα).
Now, let us consider the function ϕ˜ defined on G∞ by
ϕ˜(h) =
∫
X
ϕα(h)(1 −ℜϕα(g))µ1(dα).
Since, for all g ∈ G∞, we have 1 − ℜϕα(g) ≥ 0, the function ϕ˜ is of positive type. It is
also K∞-biinvariant and continuous on G∞. Moreover, the function ϕ˜ is bounded, since
it is dominated by a µ1-integrable function on X :
|ϕα(h)(1 −ℜϕα(g))| ≤ 1−ℜϕα(g).
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So, for all g ∈ G∞, ∫
X
ϕα(h)µ1,g(dα) =
∫
X
ϕα(h)µ2,g(dα).
where,
µi,g(dα) = (1−ℜϕα(g))µi(dα) for i = 1, 2.
By uniqueness of the representing measure in the generalized Bochner theorem (Theorem
3.3), we get that, for all g ∈ G∞,
µ1,g = µ2,g on X.
Since, we have |Π(α, λ)| < 1, for α ∈ X∗ and λ 6= 0, we get, for g0 = diag(e1, e−1, 1, ...),
that 1−ℜϕα(g0) > 0. Hence
µ1 = µ2 on X
∗
. 
4. Functions of negative type on (G∞,K∞)
In this section, using the generalized Bochner theorem (Theorem 3.3), we establish
the boundedness of every continuous function of negative type on the pair (G∞,K∞).
The method that we follow is inspired from the work of M. Bouali in [5] and [4]. If ϕ is a
function of positive type, then ψ(g) = ϕ(e)−ϕ(g) is a bounded function of negative type.
The functions of negative type and those of positive type are related by the following
property :
Proposition 4.1. (Schoenberg ( [19], page 527) and ( [3], Theorem 7.8))
The function ψ is of negative type if and only if ψ(e) ≥ 0, and, for all t ≥ 0, e−tψ is of
positive type.
Theorem 4.1. Every K∞-biinvariant continuous function ψ of negative type on G∞ is
bounded and can be uniquely written as ψ(g) = ψ(e)+ϕ(e)−ϕ(g), where ϕ is a function
of positive type relatively to the spherical pair (G∞,K∞).
Proof. Let ψ be a K∞-biinvariant continuous function of negative type on G∞. Since
ψ(g) − ψ(e) is also K∞-biinvariant, continuous and of negative type, we can assume,
without loss of generality, that ψ(e) = 0. For t ≥ 0, the function e−tψ is K∞-biinvariant,
continuous and of positive type on G∞. Hence, by the generalized Bochner theorem
(Theorem 3.3), there exists a probability measure µt on X such that
e−tψ(g) =
∫
X
ϕα(g) µt(dα).
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It follows that, for all t > 0,
(7) e−tℜψ(g) cos(tℑψ(g)) =
∫
X
ℜϕα(g) µt(dα),
and
e−tℜψ(g) sin(tℑψ(g)) = −
∫
X
ℑϕα(g)µt(dα).
i) The equation (7) implies that
1− e−tℜψ(g) cos(tℑψ(g))
t
=
∫
X
(1−ℜϕα(g))µt
t
(dα).
In addition, we have
lim
t→0
1− e−tℜψ(g) cos(tℑψ(g))
t
= ℜψ(g),
lim
t→+∞
1− e−tℜψ(g) cos(tℑψ(g))
t
= 0.
For g fixed, the last expression is a continuous function in t on ]0,+∞[ which tends to
0 as t tends to ∞. Thus, there exists a constant C(g) ≥ 0 such that
0 ≤ 1− e
−tℜψ(g) cos(tℑψ(g))
t
≤ C(g).
Therefore, ∫
X
(1−ℜϕα(g))µt
t
(dα) ≤ C(g).
In particular, for g0 = diag(e
1, e−1, 1, ...), we have
(8)
∫
X
(1−ℜϕα(g0))µt
t
(dα) ≤ C(g0) =M.
Let νt denote the positive and bounded measure defined on X by
νt = (1−ℜϕα(g0))µt
t
.
Since the set {νt | t > 0} is uniformly bounded by the constantM , it is relatively compact
for the weak topology σ(M(X),C0(X)), whereM(X) is the set of positive and bounded
measures on X and C0(X) is the set of continuous functions on X, vanishing at ∞.
In consequence, there exists a sequence (tj) in ]0,+∞[ converging to 0, such that the
measures νtj weakly converge to a positive and bounded measure ν, i.e. for all f ∈ C0(X),
lim
j→∞
∫
X
f(α) νtj (dα) =
∫
X
f(α) ν(dα).
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Since ϕα(g0) = 1 for α0 = {∅}, the measure νt has no mass at the point α0 and therefore
ν ({∅}) = 0. On another hand, we have
1− e−tjℜψ(g) cos(tjℑψ(g))
tj
=
∫
X
∗
[
1−ℜϕα(g)
1−ℜϕα(g0) − 1
]
νtj (dα)
+
1− e−tjℜψ(g0) cos(tjℑψ(g0))
tj
.
(9)
For g 6= e fixed, let us consider the function f defined on X∗ by
f(α) =
1−ℜϕα(g)
1−ℜϕα(g0) − 1.
The function f is well defined since ℜϕα(g0) 6= 1, for all α ∈ X∗ . It is also continuous,
by Corollary 3.1 and Theorem 3.2. In addition, for every g ∈ G∞ such that λj 6= 0 for
at least one j, we have
0 < |ϕα(g)| ≤
∞∏
j=1
p∏
k=1
(
cosh2(λj) + α
2
k sinh
2(λj)
)− 1
2 .
It follows that, for α ∈ Xp and p0 large enough independent of α,
|ϕα(g)| ≤ cosh−p(λj) < ε.
Besides, for 1 ≤ p ≤ p0 and for α in Xp such that ||α|| is large enough,
|ϕα(g)| ≤ 1||α|| | sinh(λj)| < ε.
In consequence, |ϕα(g)| tends to 0 as α tends to ∞ in the locally compact space X.
Therefore, the function f belongs to C0(X
∗
). Now, as j tends to ∞ in the equation (9),
one gets, for all g 6= e,
ℜψ(g) =
∫
X
∗
f(α) ν(dα) + ℜψ(g0) =
∫
X
∗
(
1−ℜϕα(g)
1−ℜϕα(g0) − 1
)
ν(dα) + ℜψ(g0).
Since ∣∣∣∣ 1−ℜϕα(g)1−ℜϕα(g0) − 1
∣∣∣∣ ≤ 21−ℜϕα(g0) + 1,
with ℜϕα(g0) ≤ cosh−2p(1), the integrand in the last integral is dominated and we can
apply the dominated convergence theorem to get, as g tends to e,
ν(X
∗
) = ℜψ(g0).
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So,
ℜψ(g) =
∫
X
∗
(1−ℜϕα(g))µ(dα),
where µ is the measure defined on X
∗
by
µ =
1
1−ℜϕα(g0)ν.
By Corollary 3.1, the function
α 7→ 1
1−ℜϕα(g0)
is continuous on X
∗
. Moreover, this function tends to 1 as α tends to ∞ and it has as
limit cosh−2p(1) at 0. It follows that it is bounded and so is the measure µ.
ii) Similarly, we prove that the function h defined on X
∗
by
h(α) =
ℑϕα(g)
1−ℜϕα(g0) ,
belongs to C0(X
∗
). As j tends to ∞ in the relation
e−tjℜψ(g)
sin(tjℑψ(g))
tj
= −
∫
X
∗
ℑϕα(g)
1−ℜϕα(g0)νtj (dα),
we get
ℑψ(g) = −
∫
X
∗
ℑϕα(g)
1−ℜϕα(g0)ν(dα) = −
∫
X
∗
ℑϕα(g)µ(dα).
Finally,
ψ(g) =
∫
X
∗
(1− ϕα(g))µ(dα) = ϕ(e) − ϕ(g),
where
ϕ(g) =
∫
X
∗
ϕα(g)µ(dα).
Remark that, by Proposition 3.2, the measure µ is unique. 
Remark 4.1. In [11], Kazhdan introduced the notion of the property (T) as follows: a
locally compact topological group G has the property (T) if the trivial representation ιG
is isolated in the unitary dual Ĝ which is the set of all unitary irreducible representations
of G equipped by the Fell topology. The notion of property (T) was extended to any
Hausdorff topological group and was also related to other topological properties such as
the property (FH). One can refers to [1] for extensive reading. Property (T) is related
to the functions of negative type since it holds that if a Hausdorff topological group G
has property (T), then every continuous function of negative type on G is bounded. The
converse, which holds in the locally compact case, is not true in general. A question
immediately arises : does SL(∞) have property (T)?
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